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The case of couplings in D = 5 between a simple, maximal BF model and the dual formulation of
linearized gravity is considered. All the possible interactions are exhausted by means of computing
the “free” local BRST cohomology in ghost number zero.
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The power of the BRST formalism was clearly proved by the reformulation of the construction of consistent inter-
actions in gauge theories [1, 2] in terms of the deformation theory [3–5], or, actually, in terms of the deformation of
the solution to the master equation. In this paper we consider the problem of constructing all consistent couplings
in D = 5 between an Abelian BF theory with a maximal field spectrum and a massless tensor field with the mixed
symmetry (2,1). The method to be used is the deformation technique of the solution to the classical master equation
[3] combined with the local BRST cohomology [4, 5]. The requirements imposed on the interacting theory are: space-
time locality. analyticity of the deformations in the coupling constant, Lorentz covariance, Poincaré invariance (we do
not allow explicit dependence on the spacetime coordinates), preservation of the number of derivatives on each field
(the differential order of the deformed field equations is preserved with respect to the free model) and the condition
that the interacting Lagrangian contains at most two space-time derivatives (like the free one).

Our starting point is a free action that describes an Abelian BF model and a massless tensor field with the mixed
symmetry (2,1) in D = 5

SL
0 [ϕ,H,A,B, φ,K, t] =

∫
d5x

[
Hµ∂

µϕ+
1
2
Bµν∂[µAν] +

1
3
Kµνρ∂[µφνρ]

− 1
12

(
Fµνρ|αF

µνρ|α − 3FµνFµν
)]

(1)

where we employed the notations

Fµνρ|α = ∂[µtνρ]|α, Fµν = σραFµνρ|α. (2)

Everywhere in this paper we use the Minkowski metric σµν = σµν =diag(−,+,+,+,+) and also the 5-dimensional
Levi-Civita tensor εµνρλσ valued like ε01234 = −ε01234 = −1.

The free theory possesses the generating set of gauge transformations

δε,ξϕ = 0, δεHµ = 2∂νεµν , δεAµ = ∂µε, (3)

δεB
µν = −3∂ρεµνρ, δξφµν = ∂[µξν], δξK

µνρ = 4∂λξµνρλ, (4)

δθ,χtµν|α = ∂[µθν]α + ∂[µχν]α − 2∂αχµν , (5)

where the gauge parameters ε, εµν , εµνρ, ξµ, ξµνρλ, θµν and χµν are bosonic, with εµν , εµνρ, ξµνρλ and χµν completely
antisymmetric and θµν symmetric. This generating set of gauge transformations is off-shell, third-order reducible and
the gauge algebra is Abelian.

In order to construct the BRST symmetry of this free model, we introduce the field, ghost and antifield spectra

Φα0 =
(
Aµ, Hµ, ϕ,Bµν ,Kµνρ, φµν , tµν|α

)
, (6)

Φ∗α0
=
(
A∗µ, H

∗
µ, ϕ

∗, B∗µν ,K
∗
µνρ, φ

∗µν , t∗µν|α
)
, (7)

ηα1 =
(
η, Cµν , ηµνρ, Gµνρλ, Cµ, Sµν , Aµν

)
, (8)
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η∗α1
=
(
η∗, C∗µν , η

∗
µνρ, G

∗
µνρλ, C

∗µ, S∗µν , A∗µν
)
, (9)

ηα2 =
(
Cµνρ, ηµνρλ, Gµνρλσ, C, Sµ

)
, (10)

η∗α2
=
(
C∗µνρ, η

∗
µνρλ, G

∗
µνρλσ, C

∗, S∗µ
)
, (11)

ηα3 =
(
Cµνρλ, ηµνρλσ

)
, η∗α3

=
(
C∗µνρλ, η

∗
µνρλσ

)
, (12)

ηα4 =
(
Cµνρλσ

)
, η∗α4

=
(
C∗µνρλσ

)
. (13)

Since both the gauge generators and the reducibility functions for this model are field-independent, it follows that
the BRST differential s reduces to s = δ + γ (where δ is the Koszul-Tate differential and γ stands for the exterior
derivative along the gauge orbits).

The action of the antifield-BRST differential s can always be realized in an anticanonical form s· = (·, S), where
(, ) is the anticanonical structure, named antibracket. and S stands for its generator. The nilpotency of s becomes
equivalent to the master equation (S, S) = 0. For the free model under study, S reads as

S = SL
0 +

∫
d5x

[
A∗µ∂

µη + 2H∗µ∂νC
µν − 3B∗µν∂ρη

µνρ + φ∗µν∂[µCν]

+ 4K∗µνρ∂λG
µνρλ + t∗µν|α

(
∂[µSν]α + ∂[µAν]α − 2∂αAµν

)
− 3C∗µν∂ρC

µνρ + 4η∗µνρ∂λη
µνρλ − 5G∗µνρλ∂σG

µνρλσ + C∗µ∂µC

+ 3S∗µν∂(µSν) +A∗µν∂[µSν] + 4C∗µνρ∂λC
µνρλ

−5
(
η∗µνρλ∂ση

µνρλσ + C∗µνρλ∂σC
µνρλσ

)]
. (14)

It has been shown in Ref. [3] that if an interacting theory can be consistently constructed, then we can associate
with Eq. 14 a deformed solution

S → S̄ = S + λS1 + λ2S2 + λ3S3 · · ·

= S + λ

∫
d5x a+ λ2

∫
d5x b+ λ3

∫
d5x c+ · · · (15)

which is the BRST generator of the interacting theory (in the above A is known as the coupling constant or deformation
parameter) (

S̄, S̄
)

= 0, (16)

Projecting Eq. 16 on the various powers in the coupling constant, we find that the components of S̄ are restricted
to satisfy the equivalent tower of equations

(S, S) = 0 (17)

2 (S1, S) = 0, (18)

2 (S2, S) + (S1, S1) = 0, (19)

(S3, S) + (S1, S2) = 0, (20)

...

In view of this, the construction of consistent interactions becomes equivalent to solving Eqs. 18-20, etc. (Eq. 17
is satisfied by hypothesis, since S given by Eq. 14 is the solution of the master equation for the starting free theory).
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The finding of solutions to the deformation equations relies on the computation of the local BRST cohomology of the
starting free theory in ghost number zero (the ghost number is the overall degree that grades the BRST complex).
According to the decomposition given by Eq. 15, S will be called k-order deformation (of the solution to the master
equation). If we make the notation S1 =

∫
d5xa, then Eq. 18 takes the local form sa = ∂µm

µ, for a local current. The
non-integrated density of the first-order deformation a can be naturally decomposed as a sum of three components

a = aBF + at−t + aint, (21)

where aBF depends only on the BRST generators from the BF sector, at−t describes the self-interactions of the tensor
field tλµ|α and aint effectively mixes both sectors. In view of these, each term from the right-hand side of Eq. 21
independently satisfies an equation of the type sa = ∂µm

µ. The component aBF has been analyzed in detail in
Ref. [6], where it has been shown to be parameterized in terms of seven arbitrary smooth functions {(Wa)a=1,6,M}
depending only on the undifferentiated scalar field ϕ. Concerning the piece at−t, it has been shown in Ref. [7] that
it is completely trivial, at−t = 0.

The general expression of the cross-coupling component aint is given by the next theorem.
Theorem 1. Under the assumptions made in the beginning of the paper, the general nontrivial form of aint from

decomposition 21 reads as

aint = (M1)µνρ D̃µνSρ + (M1)µν
[(
D̃αµCβν −

1
2
F̃µν|αSβ

)
σαβ +

1
6
D̃µνS

]
S∗
(
k1C + k2G̃

)
− 2t∗µ

(
k1C

µ +
k2

5
G̃µ
)

− 1
6

(M1)ρ
(
D̃µνtµν|ρ − 3F̃ρµ|νCµν + 2D̃ρλt

λ
)
−
(

2k1K
∗µνρ +

k2

30
φ̃∗µνρ

)
Dµνρ

+ εµνρλσM2B
∗
µνDρλσ +

(
k1φ

µν − k2

20
K̃µν

)
Fµν +

1
12
M1F̃

µν|ρtµν|ρ, (22)

where k1, k2 are some real numbers and M1 is an arbitrary smooth function that depends at most on the undifferen-
tiated scalar field . In addition, any object bearing the overscript “∼” is the Hodge dual of the corresponding tildeless
quantity

In the above we employed the notations

(M1)µνρ =
dM1

dϕ
C∗µνρ +

d2M1

dϕ2
H∗[µC∗νρ] +

d3M1

dϕ3
H∗µH∗νH∗ρ (23)

(M1)µν =
dM1

dϕ
C∗µν +

d2M1

dϕ2
H∗µH∗ν (24)

(M1)µ =
dW

dϕ
H∗µ (25)

and Dµνρ = ∂[µAνρ]. It is now clear that the first-order deformation of the solution to the master equation reduces
to S1 =

∫
d5x(aBF + aint) and is parameterized by eight arbitrary smooth functions {(Wa)a=1,6,M,M1} depending

only on the undifferentiated scalar field and by two real constants k1 and k2.
The next equation, responsible for the second-order deformation S2 =

∫
d5xb, is precisely Eq. 19, whose local form

reads as 2sb + ∆ = ∂µn
µ, where (S1, S1) =

∫
d5x∆. The non-integrated density of the second-order deformation

admits a decomposition similar to Eq. 21

b = bBF + bt−t + bint, (26)

each of its pieces satisfying independently an equation of the type 2sb+ ∆ = ∂µn
µ, namely

2sbBF + ∆BF = ∂µnBF
µ , (27)

2sbt−t + ∆t−t = ∂µnt−t
µ , (28)
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2sbint + ∆int = ∂µnint
µ . (29)

The solution to Eq. 27 has been given in Ref. [6], where it has been shown that the seven functions parameterizing
the first-order deformation in the BF sector, aBF, are required to satisfy the following equations:

dM̄ (ϕ)
dϕ

W1 (ϕ) = 0, W1 (ϕ)W2 (ϕ) = 0, (30)

W1 (ϕ)
dW2 (ϕ)
dϕ

− 3W2 (ϕ)W3 (ϕ) + 6W5 (ϕ)W6 (ϕ) = 0, (31)

W2 (ϕ)W3 (ϕ) +W5 (ϕ)W6 (ϕ) = 0, (32)

W1 (ϕ)
dW6 (ϕ)
dϕ

+ 3W3 (ϕ)W6 (ϕ)− 6W2 (ϕ)W4 (ϕ) = 0, (33)

W1 (ϕ)W6 (ϕ) = 0, W2 (ϕ)W4 (ϕ) +W3 (ϕ)W6 (ϕ) = 0, (34)

W2 (ϕ)W5 (ϕ) = 0, W4 (ϕ)W6 (ϕ) = 0. (35)

which further ensure that we can safely take bBF = 0. Eq. 28 has been investigated in Ref. [7] and has been to possess
only the trivial solution bt−t = 0.

The existence of general solutions to Eq. 29 is summarized by the next theorem.
Theorem 2.
i) The existence of bint as solution to Eq. 29 requires that the functions/constants that parameterize the first-order

deformation are subject to the equations

k1W3 +
k2

60
W5 = 0, k1W4 +

k2

2 · 5!
W3 = 0, (36)

k1W6 +
k2

5!
W2 = 0, W1

dM1

dϕ
= 0, (37)

k1M1 = 0, k2M1 = 0. (38)

ii) Provided Eqs. 30-38 are satisfied, the second-order deformation in the interacting sector reads as

bint = −3
2

(
k1φµν −

k2

20
K̃µν

)(
k1φ

µν − k2

20
K̃µν

)
− 3M1

(
k1G̃

∗µ − k2

120
C∗µ

)
Sµ

− 1
2

(
k1K

∗
µνρ +

k2

60
φ̃∗µνρ

)(
−M1Ã

µνρ + εµνρλσ (M1)λ Sσ
)

− 1
4
εµνρλσ

(
(M1)µν Sρ − (M1)µAνρ

)(
k1φλσ −

k2

20
K̃λσ

)
. (39)

In conclusion, the second-order deformation reduces to S2 =
∫
d5xbint. It is important to emphasize that in both

the first- and second-order deformations the functions {(Wa)a=1,6,M,M1} and the real constants k1 and k2, are now
subject to Eqs. 30-38.

It is easy to check that all the higher-order deformation equations can be taken to vanish on the solutions to Eqs.
30-38, Sk = 0 for all k > 2.

Putting together the results obtained so far, we can rite down the full solution of the classical master equation for
the interacting theory

S̄ = S +
∫
d5x

(
λa+ λ2b

)
, (40)
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From Eq. 40 we can identify the entire Lagrangian gauge structure of the interacting model. The antighost number
zero piece from Eq. 40 is nothing but the Lagrangian action of the coupled theory

SL [Φα0 ] =
∫
d5x

{(
Hµ∂

µϕ+
1
2
Bµν∂[µAν] +

1
3
Kµνρ∂[µφνρ]

)
+ λ

[
W1AµH

µ +W2Bµνφ
µν −W3φ[µνAρ]K

µνρ

+ εαβγδε
(

9W4AαK̃βγK̃δε +
1
4
W5Aαφβγφδε +W6BαβKγδε

)
+ M̄(ϕ)

]
− 1

12

(
Fµνρ|αF

µνρ|α − 3FµνFµν
)

+
λ

72
εµνρλσσαβM1Fµνρ|αtλσ|β

+λ
(
k1φ

µν − k2

20
K̃µν

)[
Fµν +

3λ
2

(
k1φµν −

k2

20
K̃µν

)]}
, (41)

The antighost number one terms from Eq. 40 offer us the generating set of gauge transformations for the deformed
model

δ̄Ωϕ = −λW1ε, (42)

δ̄ΩH
µ = 2Dµν

ν ε+ λ

(
dW1

dϕ
Hµ − 3

dW3

dϕ
Kµνρφνρ

)
ε+ 2λ

dW6

dϕ
Bµνεναβγδξ

αβγδ

− 3λ
dW2

dϕ
φνρε

µνρ + 2λ
(
dW2

dϕ
Bµν − 3

dW3

dϕ
KµνρAρ

)
ξν + 12λ

dW3

dϕ
Aνφρλξ

µνρλ

+ 3λKµνρ

(
4
dW4

dϕ
Aνεραβγδξ

αβγδ − dW6

dϕ
ενραβγε

αβγ

)
+ λεµνρλσ

[
1
4
dW4

dϕ
ενραβγK

αβγελσα′β′γ′Kα′β′γ′
ε

−dW5

dϕ
φνρ

(
Aλξσ −

1
4
φλσε

)]
− λ

36
εαβγδε

dM1

dϕ
tαβ|µ∂[γχδε]

+
λ

12
εµνρλσ

[
σαβ

dM1

dϕ
Fρλσ|α

(
1
3θνβ + χνβ

)
+ 3λk1

dM1

dϕ
φνρχλσ

−2
3
tν
dM1

dϕ
∂[ρχλσ]

]
+
λ2k2

40
dM1

dϕ
Kµνρχνρ, (43)

δ̄ΩAµ = ∂µε− 2λW2ξµ − 2λεµνρλσW6ξ
νρλσ, (44)

δ̄ΩB
µν = −3∂ρεµνρ − 2λW1ε

µν + 6λW3

(
2φρλξµνρλ +Kµνρξρ

)
+ λ

(
12W4K

µνρεραβγδξ
αβγδ −W5ε

µνρλσφρλξσ
)
, (45)

δ̄Ωφµν = D
(−)
[µ ξν] + 3λ

(
W3φµνε− 2W4A[µεν]αβγδξ

αβγδ
)

+ 3λεµνρλσ

(
2W4K

ρλσε+W6ε
ρλσ − k2

180
∂[ρχλσ]

)
− λ2k2

40
M1χµν , (46)

δ̄ΩK
µνρ = 4D(+)

λ ξµνρλ − 3λ (W2ε
µνρ +W3K

µνρε)

− λεµνρλσW5

(
Aλξσ − 1

2φλσε
)
− 2λk1∂

[µχνρ] +
λ2k1

4
εµνρλσM1χλσ, (47)

δ̄Ωtµν|α = ∂[µθν]α + ∂[µχν]α − 2∂αχµν + λk1σα[µξν] −
λk2

5!
σα[µεν]βγδεξ

βγδε, (48)
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where we used the collective notation Ω =
(
ε, εµν , εµνρ, ξµ, ξ

µνρλ, θµν , χµν
)

for the gauge parameters and also the

covariant derivatives Dν = ∂ν − λ
dW1

dϕ
Aν and D

(±)
ν = ∂ν ± 3λW3Aν .

From the components of higher antighost number present in Eq. 40 we can read the remaining gauge structure
of the interacting theory: the commutators among the deformed gauge transformations. Eqs. 42-48, and hence
the properties of the deformt1 gauge algebra, their associated higher-order structure functions, and also the flew
reducibility functions and relations together with their properties.

The main conclusion of this paper is that under the hypotheses of analyticity in the coupling constant, spacetime
locality, Lorentz covariance, and Poincaré invariance of the deformations, combined with the preservation of the
number of derivatives on each nontrivial cross-couplings in D = 5 between a massless tensor field with the mixed
field, we find a deformation of the solution to the master equation that provides symmetry (2,1) and a topological
BF model with a maximal field spectrum. The emerging Lagrangian action contains only interaction vertices of
order one and two in the coupling constant that couple the massless tensor field with the mixed symmetry mainly
to the scalar field, to the two-form, and to the three-form from the BF sector. Also, it is interesting to note the
appearance of some self-interactions in the BF sector that are strictly due to the presence of the tensor field with the
mixed symmetry (2,1) (they all vanish in its absence). The gauge transformations of all fields are deformed and, in
addition, most of them include gauge parameters from the complementary sector. This is the first known case where
the gauge transformations of the tensor field with the mixed symmetry (2,1) do change with respect to the free ones.
The gauge algebra and the reducibility structure of the coupled model are strongly modified during the deformation
procedure, becoming open and respectively on-shell, by contrast to the free theory, whose gauge algebra is Abelian
and the reducibility relations hold off-shell. Our result is extremely important because dual formulations of linearized
gravity have proved to be extremely rigid in allowing consistent interactions to themselves as well as to many matter
or gauge theories. We think that this is the first time when a massless tensor field with the mixed symmetry (k, 1)
allows consistent interactions that fulfill all the working hypotheses precisely in the dimension D = k + 3 where it
becomes dual to the Pauli-Fierz theory.
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